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(1] [10]

Imagine a narrow shaft connecting two diagonally opposite points od e surface of the Earth
(going through the center of the Earth). A small object is dropped from test into the shaft. Ignore
air resistance, melting temperatures, etc. The total mass of the Earth {8 A, the radius of the

Earth is R, and the gravitational constant is G . Asstime that the Earth’s thass is homogeneously
distributed in its volume.

By obtaining the equation of motion of the object (along the shaft), show that the resulting

motion is oscillutory and obtain the period of the oscillations. You must &xpress your answet in
termsof M, R,and G.

(121  [344]
Let the Lagrangian of two interacting poifit particles be

1 - 1 -
L=—mii +=m,F = — a_
2 2 In-r|

(a) Using the relative position vector ¥ = F, — 7, , rewrite the Lagrangian lh spherical coordinates
in the center of mass reference frame.

(b) Write down the Euler-Lagrange equations for the two angles il identify from these
equations a conserved quantity.

(c) Prove that the motion is confined to a plane.






(3] 371

A penﬂulum bob with mass m hangs from a disk free to rotate about its ctitter with moment of
inertid /. The radius of the disk is R and the length of the string holding the bob is L, as shown in
the figure below.

(a) Using the coordinates 8 and ¢ as shown, construct the Lagrangian and then reduce it to 2
quadratic form for small angles (i.., the equations of motion would bs linear). Hints: The
Cartesian cootdinates of the bob are x = Rsinf + Lsing and y = =& cos 8 — L cos ¢. The

Lagrangian to start from is L = %léz + -:~mi2 + im;'rz —mgy.

(b) Calculate the normal mode frequencies.




[14] [10]

Considér a thin disk composed of two homogeneous halves connected dlung the diameter of the
disk. Oné half of the disk has density 4 and the other has density 2. The total mass of the disk is
M and its radius is R. Find the expression for the Lagrangian in temid of the relevant angular
rotation variable  (measured from the vértical direction) when the df¥k rolls withour slipping
along 4 horizontal surface, The rotation takes place in the plane of the disk,

(rs1 b -

In tefé_fénce frame S, a train is moving to the +x direction with velodity %c , wWhere ¢ is the
speed of light. Also as observed in reference frame S, a car is moving to the ~x direction with
velocity —-;—i:.

What is the velocity of the car as observed by a passenger sitting on thé titin?
(You must use special relativity.) '



(6] oy

An infinitely long solid cylinder, centered along the z-axis, has a cros_$ Sectional radius a and a
uniform volume charge density p.,. Calculate the scalar potential ¢ everywhere (inside and
outside the cylinder) with the convention that the scalar potential is zeto at the center of the
cylinder.

(7] o
Consider tﬁé following electromagnetic field:
E(3,1)=d cos (£ e - or)£+ B sinlf o ¥ - ar)§
B(F,1)=C sin (E- - an)i+D cos(E X - mt)j}
with 4, B, C‘,’D=constants, unit vectors & , p , 2, k=k: yand X =X, Jf‘+x2 y+x, 2.

Constants A and B are given.

(a) Write down Maxwell’s equations in vacuum.

(b) Determine C and D such that E(%, #)and B(Z, ) fulfill Maxwell’s equiation in vacuum,

(18] {i0]

A long straight conductor with a circular cross section of radius R carties a current J. Inside the
conductor is a cylindrical hole of radius & whose axis is parallel to the #ils of the conductor but
offset a distance b from the center of the conductor. The current of thd tonductor is uniformly
distributed across the cross section of the conductor and is directed parallel to the cylinder axis.
Find the magnetic field everywhere outsidé the conductor.




(1:9]  [4,42]

(a) The veetor potential due to a harmonic electric dipole p = poZe~!@* I given by:
ipgwpo2 pllRr—at)

A== Amr

Show that the electric field and magnétic induction in the radiation zotie kr >> 1 are given by:

ke , -
E= - Py sin @ eitr-wt)g
e

Polokw
dnr

Hint: Determine B from 4. Then use one of Maxwell’s equations and the fact that
E ~¢g~tot o detcrmine E from B. You will also need the followitig formula:

VxA=—t[Z(sing 4,) - 2] + 2[5 2 (rag)| 4 2[2 (rag) - 2

B= - sin § e!T=wn g

rsing sin@ a:p

) Compugg} the time averaged differential power dP/dQ radiated into aii element of solid angle,
as a function of 8.

(c) If the fréq'uency is doubled, by what factor is the power radiated incraased?

[1-10] (10}
In the Compton effect, a ¥ —ray photon of wavelength A strikes a freg but initially stationary,

electrin of mass m, The photon is scatteréd at an angle @, and its scdttered wavelength is i.
The electron recoils at an angle @ (see figure below).

(a) Write the relativistic equations for momentum and energy conservativtt.

(b) Find an expression for the change A - A in the photon wavelength bt the special case
O=mx/2.
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The center of mass of the disk is (0%, }, where

}2=

2o

2 [ magdg+ [ xaxdy

T uppar
a=in Sehede s koicle

= 21101 (e ) s 2 [ (i ) )]

_ 2pR?

iM
Now; the thass of the disk is

1 2 1
Me=p.=rR*+20. =R
73 3

3 2
=— omrR
5 P
so that

— 4
=—-—R
% S

The direct calculation of the rotational inertia with respect to an axis through the center
of mass is tedious, so we first compute I with respect to the x, -axis and then use
Steiner’s tHeorem.,

A1) 2 e[ 7 mrad

3 «_ 1. 2
=—~7moR " =—MR
4 P 2

Then,
L=L-M%
=ZMR =M -—326—2-12’
2 8
1
=‘-—MR’[1—3—22:|
2 817

When the disk rolls without slipping, fie velocity of the center of miass can be obtained
as follows:

Thus

(1)

@

@)

(4)

)



whete

Yen =R-|%| 056
He =Rf9-|";g[9ms€

Yeu =|%|0sin 8
(J‘éu +j@")=V’=R’5’+3&fé‘—2é’ R|%| woeb
vi= @&

a=\R?+% - 2R|%,| o

Using (3); & can be written as

a= RJl —1-9?- 8 s
. Y 8lr orx
The kineti¢ energy is
T=T_ +T..
=1M¢+3;¢
2 2
Substitutifig and simplifying yields
.1 M R*&* [E—i cnsﬂ]
2 2 9¢
The potetitial energy is
U= MgBJHTg cos@]
=1 MgR I:l—i cnsﬂ:]
2 o
Thus the Lagrangian is

LzzMR[R9=[E_£mse]_g[l-imsgm
2 2 9r S 7

(6)

@)

@)

©)

(10)

(11)

(12)
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(1] [10]

 d 1
w (%,1) is a solution of the Schroedinger equation : ik %tz = _2?1_ Ap+V(x) w.
"

Demoﬂshaté that
N . - i [ - o
p & )=|pE )] and J(x,t)=;—m(wVw*—w*Vw)

fulfill the coﬁtinujty equation: %? +Vej=0.

(2] f10]

A plane rotator with & moment of inertia I and an electric dipole mbinent d is placed in a
unifortit time-independent electric field & (being in the plane of the rotation). Treating the
interaction between the dipole and the electric field perturbatively, determine the first non-
vanishing correction to the rotator’s energy levels.

[m3]  [10]

An electron 15 in the spin up state with respect to the z-axis at time =0, S, |¢(0)) = ghb(())). It
is subject to.a constant uniform magnetic induction &, criented in an atbitrary direction. Thus,
the Hamiltonian is given by H = — iB +§. Find the probability P(7) that the electron at a later

time t# 0 \:Vill be in the spin up state with respect to the x-axis, S|} = -Elx). Your answer

should be éxpressed in terms of the electron mass m, the charge e, the components and
magnitude of B, the time t, and of course, A.
A formula that you will need to know is ¢!*? = cosla| + i@ - o sin |cz].






(m4]  [10]

Use the Bom approximation to compute the total scattering cross section o for particles of mass
m from an atfractive Gaussian potential,

V(r)=—V,e '’

(Os]  {10]

Show that in the nth state of the simple harmonic quantum oscillator

<x2)=(A x)* and <p2)=(Ap)2.

(6] {10]

Consider a. charged one-dimensional hatmonic oscillator with mass m » frequency @,, and
charge g . Initially the oscillator is in its unperturbed ground state wher there is no electric field
present, At e 0 a weak spatially uniform electric field £ = E,e™' cos(@?) is imposed (the field
is paruilel to the direction of motion of the oscillator) with » < @,. Using time-dependent
perturbation ‘theory, find the transition probabilities to all excited states for ¢ = . For fixed @,

and y, what value of @ maximizes these transition probabilities? Yoii may find the number
representation of the harmonic oscillator with the annihilation and creatiot operators useful:

’ma), i . ma, i
a=,|——| x+—=~pi, a xX=—pi.
2h [ ma, J 2k { mao, ]




(7] (2]

The conditions for phase coexistence between a liquid and gas are
=l m=py Ti=Ty. :
(a) Cons1denng that these equations hold for a p,T pair and for a nearby ptdp, T+dT pair, derive
a differential equation for dp/dT in terms of the partial derivatives of the chemical potentials
with respect to p and T.

(b) Ré-exprpss this equation in terms of the entropies S}, S, and volumes ¥, V;

(c) Taking {nto account that the latent heat of vaporization is given by L=T(S; — 5;)/N where N
is the number of molecules in the sample, obtain the Clausius-Claperyron equation.

(L8] [16]

Suppose a p:ajrticular type of rubber band has the equation of state /=& /T, where I the length
per utiit mass, fis the tension, T is the temperature, and & is a constait, For this type of rubber

band, compute (%j , where ¢, is the constant length heat capacity pef unit mass.
T



[O-9]  [2,8]

Consider a model system with single-particle energy levels 0, £,2¢,3¢,4¢,5¢,.... The energy
levels are non-degenerate. The system is completely isolated from the rest of the universe. There

are N =3 distinguishable (localized) particles in the system. The total energy of the system is
E=5¢,
(a) What is the entropy of the system subject to the above constraints?

(b) What is the expectation value of the number of particles in the lowest energy level?

[I-10)  [10]

Determine the pressure for a free, non-relativistic electron gas of volume ¥ and N electrons in
three dimensions, at zero temperature. Compare your result with the pressure of an ideal gas at
the same temperature.
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]

Use the Born approximation to comptite the total scattering cross section o for
particles of mass m from an attractive Gaussian potential,

V(T) = :_‘[/Oe_(f/“)z
Solution:

The scattering amplitude f(6) is proportional to the 3D Fourier transform of the
potential. Recall that the Fourier transform of a Gaussian is another Gaussian,

[6.4) =5 f eV () d (0.3)
= % j giar o= (/o) g3y (0.4)
- —-—-—‘/’T;?;MS g (0.5)
The differential cross section is
b2 |y = T
The total cross section is the integral of 9 over the solid angles. Recall that
q* = 4k?sin®(0/2)
Then
o= :—gdﬂ (0.6)
= ___._mj;if’g“a -[0 " dg /0 " g 2RaRin0/2) ging g (0.7)
- 2wﬂ;‘?—“ﬁ fo " e 2002 i (0.8)
342
- [ o9
o =’r2—g‘hf$(1 — e~ (0.10)



‘@Wavepacket/Uncertainty Principle/Partial Waves

Show that in the nth state of the harmonic oscillator:

(x*)=(ax)* and (p*)= (Ap)z

(AxYE= (X ~<x)?) = {XT) Semowuns (XD =0
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