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Physics PhD Qualifying Examination
Part I — Wednesday, August 22, 2012

Name:

(please print)
Identification Number:

STUDENT: Designate the problem numbers that you are handing in for grading in the
appropriate left hand boxes below. Initial the right hand box.

PROCTOR: Check off the right hand boxes corresponding to the problems received from
each student. Initial in the right hand box.

1

3 Student’s initials

3

4 )

s # problems handed in:
6

Z; Proctor’s initials

9

10

INSTRUCTIONS FOR SUBMITTING ANSWER SHEETS

1. DO NOT PUT YOUR NAME ON ANY ANSWER SHEET. EXAMS WILL BE
COLLATED AND GRADED BY THE ID NUMBER ABOVE.

2. Use at least one separate preprinted answer sheet for each problem. Write on only one
side of each answer sheet.

3. Write your identification number listed above, in the appropriate box on each preprinted
answer sheet.

4. Write the problem number in the appropriate box of each preprinted answer sheet. If
you use more than one page for an answer, then number the answer sheets with both
problem number and page (e.g. Problem 9 — Page 1 of 3).

5. Staple together all the pages pertaining to a given problem. Use a paper clip to group
together all eight problems that you are handing in.

6. Hand in a total of eight problems. A passing distribution will normally include at least
three passed problems from problems 1-5 (Mechanics) and three problems from problems
6-10 (Electricity and Magnetism). DO NOT HAND IN MORE THAN EIGHT
PROBLEMS.

7. YOU MUST SHOW ALL YOUR WORK.




[I-1] 3,71

A canal barge of mass m is traveling at speed v; when it shuts off its engines. The drag force in
the water acting on the barge is given by —bv .

(a) How long does it take until the speed of the barge is reduced to v¢?
(b) What distance does the barge travel during this time?

(21 [22,6]

Consider a binary star system.
(2) Write the Lagrangian for the system in terms of the Cartesian coordinates of the two stars Fand 7,

(Your expression should naturally include the two masses, m; and m,.)
(b) Show that the potential energy is a homogeneous function of the coordinates of degree —1, i.e.

ar,ar,) = a"lV(Fl ,7,), where ¢ is a real scaling parameter.

(¢) Find and write down a coordinate transformation (based on the center-of-mass frame) which leaves
the Lagrangian the same up to a multiplication constant (thereby leaving the physics unchanged) and
thus, find Kepler’s third law relating the period of revolution of the system to the size of the orbit.
(When finding Kepler’s law, for simplicity, assume circular orbits.)

[1-3] [10]

Three oscillators of equal mass m are coupled such that the potential energy of the system is
given by

] |
U= g Il + ) + woxd + xalnmg + 2w

where k1, k» and k3 are spring constants and fes=(2kiky) ",
Find the eigenfrequencies of the coupled oscillators by solving the secular equation.
What is the physical interpretation of the zero-frequency mode?



[1-4] [10]

What minimum force F, applied horizontally at the axel of the wheel, is necessary to raise the
wheel over a curb of height #? (See figure below.) The radius of the wheel is 7 and its total mass
is M. The gravitational acceleration is g. You must express your answer in terms of 4, r, M, and

g.

[I-5] [10]
A train of rest length L is travelling at a constant velocity v, relative to an observer in the
laboratory reference frame. At the instant the middle of the train passes the observer, the

observer sees flashes of light from both the front and the rear of the train.

In the reference frame of ther observer:

(a) What was the delay between the flashes of light emitted from the front and the rear of the train?
Which flash happened first? :
(b) How far away was the observer from the front of the train when the first flash was emitted?

In the reference frame of the train:

(¢) What was the delay between the flashes of light emitted from the front and the rear of the train?
Which flash happened first?
(d) How far away was the observer from the front of the train when the first flash was emitted?



[1-6]  [10]

A stationary current distribution is established in a medium that is isotropic but not necessarily
homogeneous. Show that the medium will in general acquire a volume distribution of charge
whose density is (in Gaussian units)

p:———l—(o’@g—tﬁa)ﬁgo ,
droc

where o and & are the conductivity and the dielectric permittivity of the medium and ¢ is the
potential. '

(1-71  [10]

Consider a parallel-plate capacitor immersed in seawater and driven by an alternating voltage
V(ty=Vocos(2nfi).

Sea water at frequency f=4x10® Hz has a permittivity &=81&, a permeability z=pp, and a
resistivity p=0.23 Qm.

What is the ratio of amplitudes of conduction current to displacement current in sea water at
7#=4x10% Hz? Before obtaining the numerical answer you must express the solution in terms of
the variables given.

&=8.85 x 1072 As/Vm, =41 x 107Vs/Am

[1-8]  [10]

A square current loop lies in the xy plane. The sides of the square are of length a, and the center
of the square is at the origin. Find the magnetic induction B at a height / above the xy plane
along the z axis.



[1-9]  [10]

A massive atom with an atomic polarizability « is subjected to an electromagnetic field (the
atom being located at the origin), E = E,e/®**~@Dk_ Find the asymptotic electric and magnetic
field radiated by the atom and calculate the energy radiated per unit of solid angle.

[1-10] [10]

Show by direct substitution of the Lorentz transformation of space-time coordinates that the form
of the wave equation for propagation with the speed of light is preserved. That is, show that if

92y
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I-1[3,7]

A canal barge of mass m is traveling at speed v; when it shuts off its engines. The drag
force in the water acting on the barge is given by —bv .

(a) How long does it take until the speed of the barge is reduced to v¢?
(b) What distance does the barge travel during this time?

(5’()
M AT

At

v

A A o

AT w o 1
A

A :{f“ﬁ -~ b
%
pe Ay
Ax
I
modw — - A df// s D n1 5;//1/— - - ;/éﬁ/
iy



ﬁ{é/ra Jét/uﬁ -—/.9/&»(0" W /

/’LI/W

//2 S | <
}f;.gffz g‘i?f /= ”I,«é ‘7/% ~ C
. - ¢

0
&A(ff ) "“‘:Fé 2



@ E-Ph.D. ngw-aom (T= Schroeder) (28 V1 -gorz)
'hI'“2~| Lay O!MHLM Hee.kcuuc: ~Solwtisus

(a) Lgt _q:; N ~,~:’:,b-ew the dadwa wectors gf the

bimavy glays, Mageer /Ay, Mg, #Specﬁvd

from the ovigun %E_gjtxf& coordimate

Lyamyg. 'Tkrw\
e

T gL gl

GM& the LQ?MMQLOM A9 . .

________ "J" 'Y‘a‘
(b) v(o(¢ cxw‘) —f%—‘é"m My L M,
IV“_‘GZ’Q‘_”‘ l X Ia?:-_-\» \

= (—7-(—— V(T”V‘l) e, 'l‘kad?ofe%{:(ag

| vy

omergyu a U\ewcaww Sumction e}ﬂ«e coordiseliy %P&ysn -1,

(C) Let R be 720 fadiv, aector &) the waer

ﬂn%xe& coor&w\qge Qrcw\e vk ' T “be

f)"thQJM/) wectors ef ) (W!n ’QYO'M /Eﬂ_.a__m_

WMai &2 e lomav;j Jystew %wm Ahe orcgm B

C@u’rev eji Yhat) qte,sﬁpeci-wdg ‘BJ Cg%ﬁl/\-t(\(&"\

e
(4m + M )R M, T, +f(M,”/\
: qr R T, 1= Rw
;= -—————-fm-“i‘ s ‘"“"‘:
My I My



uhMuea( (2,)

= A S o

lavkere T =q-o, =T=7T, , ©=R Mﬂa@ MO

- , M r L fe the L qwg La/(( ao - fA_,A. e et e e

| tolich ds e %t'wa‘w emergy of Ho dya _AM:: |
laa o wholz, & cougltant Tl term Mooy ba
ime ected wkw e ose m‘f:ﬁres‘t?a@ ch? w AR

onfermal motion % dem Yz

@L @L QL amﬁ hn»ce (fm,+fm )R are-

OO ClM't T"\QPQ t“-'?. g(rfé fer“( %

. cewbn etal aQuch

o Th«w:, L= fm; g > [_L” E G(fm, Twz)]

7l

e amdtiplicat (ve congtaut; &f e wOf(s« o

(fa&ouw@ ‘j:(e/@Q
) (M + W) . Lel‘,_ﬁm,b&
t /{/{/(od)LMg ”4{*ar o,mz{ Coud. LOQ:QT (s

1 SN Atar amTRe Frew

e e i e r;fQ‘ U U S



A (2 | A \
oV | Gu Lot th

e)ﬁ é(%,*wo\)

= 772“ bech ﬂQ(Pf‘“W@( G:E M,

abeub WM, whi ch 14 Hoplevs Euive foaw.

Note: ARe Aoe ¢, v ue odiéma —E&F«‘@ﬂﬂ Mot o

B @é)” ™, a beut M,




1-3
12-21. The tensors {a} and {m } are:

1
K, —k; O
2 3N
1 S
al=|=x, x, =x, A= — .
oXoXg
0 —=x; K
m 0-0
m}=0 m O
0 0 m
thus, the secular determinant is
‘ , 1 ,
K, —ma” EK3 _ 0
1 1
=K K,~mw’ PLE =0
1 S,
0 —K K,—Mo
2 3 1

from which

(lcl—ma)z)2 (K2 —mwz)—%xg (Kl —ma)z): 0

In order to find the roots of this equation, we first set (],/ 2)K§ =k, and then facfor:
(Kl —ma)z) [(rcl —mwz)(xz - ma)z) —lez] =0
(Kl —ma)z)[m *0* ~(x,+x,)m0* |=0

(Kl—ma)z)ma)z [ma)2 —(x, +K2)] =0

Therefore, the roots are

K

1
W, ==

m

/K +K
a)zz 1 2

m .
w,=0

Consider the case o, = 0. The equation of motion is

7, +win,=0

(2)

3)

(6)



— - S
so that
;=0
with the solution
7,(=at+ b

That is, the zero-frequency mode corresponds to a translation of the system with
oscillation.

(8)

©)



1-4 [10]

What minimum force F, applied horizontally at the axel of the wheel, is necessary to

raise the wheel over a curb of height 4? (See figure below.) The radius of the wheel is »

and its total mass is M. The gravitational acceleration is g. You must express your answer
in terms of &, v, M, and g.
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1-5:

In the laboratory frame:

Solutions

(a & b)The light flashes are not simultaneous in the laboratory frame, light from the rear of

where L = L, /(1 - (g)z

In the reference frame of the train:

the train is emitted first. ¢ L v 4
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(c) An observer at the center of the train in the train reference frame would also observe the

two flashes of light arriving simultaneously. Since the observer on the train is equidistant
from the front and rear of the train, the flashes occurred simultaneously in the frame of

reference of the train. .



(d) The light from the two flashes arrive at the center of the train at the same time the
observer does. It takes the light 12“—2- to reach the center of the train after the flash. During
. L Lo L
that time the observer traveled, 2—217. Therefore, the observer was, —29 - ;_%v from the front

of the train when the flash occurred.
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1-9:
The atom acts as a Hertzian dipole at the origin with dipole moment, p = aE = aEje k.

At large r, the asymptotic (radiation) electric and magnetic fields are given by

2

Brt) = —220%" (inge-iwtg
’ 4meyc3r
aEyw? o
E(r,t) = —————sinfe™ 4
0 47t§002rsm ¢

The average radiation intensity is given by the time average of the Poynting vector, I = (N) =
ZRe[E* x H] = — Re[—c( X B*) X B]
2 2uo

c
< N >= —|B|?
2040

The energy radiated per unit solid angle is

aw N> ric g.po S a’Eiw* 0 a’Eiw*
a = 2, ~ Z2ug l6n2elct U 32mleyc?



Croblew, T-10

k!

H -
L s A

s 2o TG

m - 2%/ 9 2V df“z-!:/? ‘“)f\;f‘

2x P L’

- SR N I s &

- {27 ' éﬁ.\ £ ‘?_ ‘ rq:. 7
DX 2x ST AR Tew iy

+ 24! e{ﬁh Lot D DA

Tx ox Y ax wx o4’ E

2t
& r\z“f-\}nﬂ

ot >l

L

> (W/T A I s O |

>« >+ 2t ";;,g“';;yf




v




Physics PhD Qualifying Examination
Part Il — Friday, August 24 2012

Name:

(please print)
Identification Number:

STUDENT: insert a check mark in the left boxes to designate the problem numbers that
you are handing in for grading.

PROCTOR: check off the right hand boxes corresponding to the problems received from
each student. Initial in the right hand box.

1

5 Student’s initials

3

4 )

5 # problems handed in:
c ‘
; Proctor’s initials

9

10

INSTRUCTIONS FOR SUBMITTING ANSWER SHEETS

1. DO NOT PUT YOUR NAME ON ANY ANSWER SHEET. EXAMS WILL BE
COLLATED AND GRADED BY THE ID NUMBER ABOVE.

2. Use at least one separate preprinted answer sheet for each problem. Write on only one
side of each answer sheet.

3. Write your identification number listed above, in the appropriate box on the preprinted
sheets.

4. Write the problem number in the appropriate box of each preprinted answer sheet. If
you use more than one page for an answer, then number the answer sheets with both
problem number and page (e.g. Problem 9 — Page [ of 3).

5. Staple together all the pages pertaining to a given problem. Use a paper clip to group
together all eight problems that you are handing in.

6. Hand in a total of eight problems. A passing distribution will normally include at least
four passed problems from problems 1-6 (Quantum Physics) and two problems from
problems 7-10 (Thermodynamics and Statistical Mechanics). DO NOT HAND IN
MORE THAN EIGHT PROBLEMS.

7. YOU MUST SHOW ALL YOUR WORK.




[L-1]  [10]

Suppose a lecture hall at the university is evacuated and (Schroedinger) cats are projected with
speed v at the two doors leading into the lecture hall in a double-slit experiment.

The wavelengths of the interference fringes which are observed as the cats pile up against the
wall of the lecture hall are larger than 1m. The mass of a cat is 1kg.

(a) Estimate the maximum speed for each cat.

(b) If the distance between the doors of the lecture hall to the wall is 33m, how long will it take
to carry out the experiment?

(¢) Compare this time with the age of the universe (10" years).

Recall that & = 6.6x107*Js.

(12 ] [7,3]

The anharmonic oscillator has a Hamiltonian

_r 1 2,2 4
H = + =mw*-x* + Ax*.
2m 2

We will work in the limit of small A.
(a) Calculate the leading correction to the ground state energy. Hint: it is proportional to A.

(b) Write down a formula for the subleading correction to the ground state energy (proportional
to A%) but do not evaluate the matrix elements.



[II-3 ] [10]
Consider the Pauli matrices 61, 0; and o3:

01 0 —i 1 0
ST 0% o) o <)

(a) Calculate the eigenvalues and eigenvectors of o1, o2 and 3.

(b) Calculate the commutator relations [o;, oj] for i# and i=j.

[11-4 ] [10]
A nonrelativistic particle is scattered by a square-well potential

_(=V,, T <R Vy>0)
V(r)—{ 0, r>R

(a) Assuming the bombarding energy is sufficiently high, calculate the scattering cross section in
the first Born approximation (normalization is not essential).

(b) How can this result be used to measure R? (The smallest non-trivial solution of the
transcendent equation x = tan(x) is approximately x ~ 1.43m.)



[H-5]  [10]

A free particle of mass m moves in one dimension. At time t = 0 the normalized wave function
of the particle is

2
1 X

Y(x,0) = (2m02) 2e *% , where g2 =< x2 >.

(a) Compute'the momentum spread o, = \/ < p? > —< p >? associated with this wave
function. How can this be interpreted in terms of the uncertainty principle?

(b) Show that at time t > 0 the probability density of the particle has the form

242
opt

W (x,t)]? = |¥(x,0)|* with 62 replace by o + -

[ II-6 ] [6,4]

A hydrogen atom in its ground state is placed between the parallel plates of a capacitor. For

times 7 < 0, no voltage is applied. Starting at 7 =0, an electric field E(¢) = E,Ze™'" is applied,

where 7 is a constant.

(a) Derive the equation for the probability that the electron ends up in a state j due to this
perturbation.

(b) Evaluate the result if state j is a:

(i) 2s state (parity argument may simplify the calculation);
(i) 2p state.

The normalized eigenstates of the hydrogen atom:

—~rlay

1
(01()0 = 3/2 € s
N 7T,

0,0 = 1 1- r o2
200 (2a0)3/2\/;l— 2a0 s

1 v ria 1 v ri2 +
- _ —_ 24, - _¢
nglO = € ' cos 9 > (02&1 - 3721 (4 0 Sln@e ,
(2a,)"*x \ 24, 8a,"* \ a,

2
where g, = i{ (the Bohr radius).
e



[I-7] [6,4]

(a) Derive the Clausius-Clapeyron equation for the equilibrium of two phases of a substance.
Consider a liquid or solid phase in equilibrium with its vapor.

(b) Using part (a) and the ideal gas law for the vapor phase, show that the vapor pressure
follows the equation

B
In(P) =4 - el
where T is the temperature and £ is the Boltzmann constant.

Make reasonable assumptions as required. What is the physical interpretation of B in this two-
phase coexistence?

[I-8]  [10]

A monatomic ideal gas consists of N atoms at initial temperature 7. The gas is slowly
compressed to one half of its initial volume through a quasi-static reversible adiabatic process.

What is the work done on the gas during this process? (Your answer must be expressed in terms
of N, T, and the Boltzmann constant £.)



[11-9 | [10]

A system consists of N independent localized (hence, distinguishable) particles. The single-
particle energy spectrum has infinitely many energy levels, but precise information is only
available on the lowest two levels. The energy of the single-particle ground state and the first
excited state are ¢ and 3¢, with degeneracies g, =3 and g, = 6, respectively.

Obtain the low-temperature (&/kT >> 1) behavior of the heat capacity of the system, C(N,T).

[I-10 ] [6,2,2]

Consider a cubical solid of dimensions LxLxL. Sound waves in this solid will behave much like
photons (i.e., Planck distribution) in a cavity with conducting faces, except that there is a
longitudinal polarization and a maximum mode number, determined by the fact that there can
only be a total of 3N modes, if N is the number of atoms in the cubical solid. The corresponding
quanta are called phonons. The relationship between the mode number and the angular
frequency can be determined by recognizing that these are solutions to the (three dimensional)
wave equation with wave speed v, with quantization of the wave vector k because of the

boundary conditions on the faces of the cube. E.g., k, = %nx where n, 1s an integer.

(a) Determine the internal energy U of the phonons at temperature T, written in terms of an
integral over over the mode number n = nZ+n}+nZ and the Debye temperature

= (—ZE) (62N /V)/3, where v is the velocity of sound, N is the number of atoms in the solid
B

and V = L3 is the volume.
(b) Find the heat capacity at constant volume in the low temperature limit T < 6, by

x3dx  wt

ex-1 15

(c) Find the heat capacity at constant volume in the high temperature limit T > 6, by
performing the integral in this approximation.

performing the integral in this approximation. You will want to know that f O°°
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i1-4

(a) Using the Born approximation we have

e o]

f(6) « ——1—f rV(r)sin(qr) dr
q q

0

Vo R . Vi .
= ;Ofo rsin(gr)dr = q—‘; (sin(qR) — qRcos(qR)).

do sin{x)—xcos(x) L . 8
Hence, — (————;-3————) , Withx = gR = 2kRsm(5).

(b) The first zero of—z—% occurs at x for which x = tan(x), whose solution is x ~ 1.43n. This gives

1.431
R=——7F=

. By measuring the minimum angle 6, for which 29 - 0, R can be determined.
2ksin(—2-—) an



(p) = f_ O:o UM (—ih%) Ydx

(7 A
= ——th_oo(Zan) 2(——2-—(;5—)3 205 dx =0

2 XZ hz

o0 dZ 1

h

= J(p?) —(p)* = .

X

The uncertainties satisfy AxAp = 0,0, = 5 (Gaussian wave-packet gives the minimum possible

uncertainty product).

(b) By Fourier transform,

Y(p,0) = T j e_g—;lﬁl,b(x, 0)dx
(2mh)2
(Zﬂ"o'x) %pZ/hZ
ﬁnh

2

Hence, Y(p, t) = P(p, 0)e F/ with E = %n—

By inverse Fourier transform,

N 1
Y(x, t) = fe%—ll)(p, t)dp = (Zn ’C) fe ; e“ffxp 2/h? o=ip®t/2mh? dp

o
e
x

2\% iHE\"3  a(oZ+ )
Hence, Y(x,t) = (;—:{)4 (0’,? +i—5> ‘e o x+2m).

Zm

1 x? x?

1
o2\ 1/2 REN "3 iRt TS ht Tht
Therefore, [(x, 01 = (%) (a2 —57) *(0 +5,) “e “Hamwe «ham



2 3z
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To get the final answer, use the uncertainty principle, g,0, = >
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I1-8 [10]
A monatomic ideal gas consists of N atoms at initial temperature 7. The gas is slowly
compressed to one half of its initial volume through a quasi-static reversible adiabatic

process.
What is the work done on the gas durinig this process? (Your answer must be expressed in / »
terms of N, 7, and the Boltzmann constant k.) pion e cdzal gu: =D
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TI-9 [10]

A system consists of N independeiit localized (hence, distinguishable) particles. The
single-particle energy spectrum has infinitely many energy levels, but precise information
is only available on the lowest two levels. The energy of the single-particle ground state
and the first excited state are ¢ and 3e, with degeneracies g, =3 and g, =6,

respectively.

Obtain the low-temperature (&/k7 >>1) behavior of the heat capacity of the system,

C(N,T).
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